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We discuss classical and quantum corrections to Thomson scattering between an electron and a laser. For
radiation reaction, nonlinear, and quantum effects we identify characteristic dimensionless parameters in terms of
which we determine the leading order correction terms.
1 Introduction
Thomson scattering is the classical process of light be-
ing deflected by a charged obstacle of typical size smaller
than the wavelength of the incident radiation. For defi-
niteness we will henceforth assume the charge to be an
electron and the incoming wave stemming from a laser
beam. The scattered radiation may be viewed as re-
sulting from a two-step process: (i) the acceleration of
the charge due to the electromagnetic field it encoun-
ters and (ii) the bremsstrahlung emitted in consequence.
(In fact, this is what happens when solving the classical
equations in powers of the coupling: at zeroth order,
there is only acceleration, while at first order, there is
emission.) The instantaneously radiated power is then
given by Larmor’s formula which, in its nonrelativistic
incarnation and using Heaviside-Lorentz units, reads [1]
Prad =
2
3
e2
4pic3
v˙2 . (1)
Expressing the acceleration by means of the nonrel-
ativistic Lorentz force (neglecting the v × B term),
mv˙ = eE, E being the electric field of the incoming
wave, the radiated power becomes
Prad =
2
3
e4
4pim2c3
E2 . (2)
This may be turned into a cross section (units of area)
upon dividing by the energy flux, i.e. the modulus of the
Poynting vector, which for a plane wave (PW) is
S = c |E×B| PW= cE2 . (3)
Hence, we obtain the Thomson cross section,
σTh :=
Prad
S
=
8pi
3
(
e2
4pimc2
)2
=:
8pi
3
r2e , (4)
with the classical electron radius, re ' 3 fm. At this
distance, the Coulomb energy between electrons equals
mc2, and (with the benefit of hindsight) one ends up
with a distance scale that is actually typical for strong
interactions (1 fm being roughly the nucleon size). As a
result, the Thomson cross section takes on the numeri-
cal value σTh ' 6.6 × 10−24 cm2 ' 0.66 barn which is
not small by particle physics standards.
The differential cross section may be derived in a
similar vein. For this one needs the angular distribution
of the radiated power (1) in direction l which is [1]
dPrad
dΩ
=
e2
(4pi)2c3
(l · v˙)2 , (5)
or, upon employing the equation of motion, with E =
E,
dPrad
dΩ
=
e4
(4pi)2m2c3
E2
(
1− (l · )2) . (6)
Averaging over polarisations and introducing the scat-
tering angle θ one has
〈1− (l · )2〉pol = 1 + cos
2 θ
2
. (7)
This angular dependence was originally found by Thom-
son when calculating the mean “rate at which energy is
streaming through unit area” [2]. Dividing by the in-
coming flux, S = cE2, finally yields the differential cross
section,
dσTh
dΩ
= 12r
2
e (1 + cos
2 θ) . (8)
Integrating over angles we reobtain (4). Clearly, the
differential cross section is more useful in general as it
conveys more, namely spectral, information.
It is instructive to rederive (4) in a fully covariant
way. The radiated power may be inferred from the
proper time derivative of the wave 4-momentum which
can be expressed in terms of the electron 4-velocity uµ
[3],
P˙µ = −2
3
e2
4pic5
u˙2uµ . (9)
Dotting in u, using u2 = c2 and the covariant equation
of motion, mu˙µ = (e/c)Fµνuν , one finds the radiated
power,
Prad = u · P˙ = σThuµFµαF να uν/c =: σThw0 . (10)
ar
X
iv
:1
30
7.
04
06
v1
  [
he
p-
ph
]  
1 J
ul 
20
13
For a plane wave (or, more general, null field), the square
of the field strength tensor coincides with the energy-
momentum tensor,
FµαF να
PW
= c Tµν , (11)
so that w0 in (10) may be interpreted as the energy
flux density of the electromagnetic wave as ‘seen’ by the
electron in its instantaneous rest frame. This together
with (10) yields a nice expression for the Thomson cross
sections in terms of Lorentz invariants,
σTh =
u · P˙
uµTµνuν
, (12)
the numerator and denominator being the field energy
rate of change and flux density in the co-moving frame
of the electron, respectively.
2 Radiation reaction
The two-step procedure mentioned in the introduction
breaks down (or rather, becomes insufficient) when the
energy loss due to radiation becomes substantial such
that the produced radiation field back-reacts on the par-
ticle motion. In this case, one has to solve a modified
equation of motion taking back-reaction into account
and named after Lorentz, Abraham and Dirac (LAD)
[4, 5, 6]. Introducing the time parameter
τ0 :=
2
3
re/c ' 10−23s , (13)
it is most compactly written as [3]
mu˙µ = Fµ + τ0mu¨
µ =
e
c
Fµνuν + τ0mu¨
µ . (14)
This equation, being third order in time derivatives
(u¨ =
...
x ), has pathological features such as runaway so-
lutions and preacceleration which can be traded for each
other but not entirely removed while insisting on (14)
– see the lucent discussion in [7]. The loophole is to
modify the equation via iteration, i.e. by expressing mu¨
on the right-hand side in terms of the Einstein-Lorentz
force, mu¨ = F˙µ+O(τ0) which yields the Landau-Lifshitz
equation [8]
mu˙µ = Fµ + τ0mF˙
µ +O(τ20 ) . (15)
This equation has been rederived (but only to order τ0)
using adiabatic perturbation theory [9] or a sophisti-
cated classical regularisation procedure [10]. For plane
wave backgrounds there is an exact analytic solution [11]
Clearly, either equation must lead to a modification
of the Thomson cross section. This has already been
worked out in Dirac’s seminal paper [6] who found the
following simple result,
σRR =
σTh
1 + (ω0τ0)2
. (16)
Here we have introduced the laser frequency in the in-
stantaneous rest frame, ω0. For a plane wave depending
only on the invariant phase k · x with k2 = 0, we can
write ω0 = k ·u. In this case the solution of (15) implies
ω0 = k · u = k · u0 + O(τ0) where u0 is the initial four-
velocity [11]. Thus, ω0 is only conserved in the absence
of radiation reaction [12].
Assuming that our equations of motion both receive
corrections of order τ20 we should rewrite the cross sec-
tion as
σRR = σTh
(
1− ω20τ20
)
. (17)
The cross section (16) may alternatively be obtained by
considering an electron scattering off a bound charge,
with the interaction described by an additional har-
monic damping force, FRR = −δmv. The cross section
is (see [1], Ch. 45),
σRR =
σTh
1 + δ2/ω20
, (18)
which we can match to (16) by identifying
δ = ω20τ0 . (19)
For a later comparison with the quantum effects it is
useful to rewrite the small parameter ω0τ0 in terms of
the fine structure constant, α = e2/4pi~c, and the di-
mensionless parameter
ν0 :=
~k · u0
mc2
=
~ω0
mc2
=
~eζω
mc2
, (20)
which measures the energy of the laser photons (as seen
by the initial-state electron) in units of the electron rest
mass. In the last expression we have introduced rapid-
ity ζ via the electron gamma factor, exp ζ = γ(1 + β),
to write ν0 in terms of the lab frequency, ω. Obviously,
one has
ω0τ0 =
2
3
αν0 , (21)
where the factors of ~ cancel on the right-hand side as
they must for a purely classical parameter. Let us es-
timate the magnitude of this quantity for a relativistic
electron (β ' 1) colliding with an optical laser [12, 13].
In this case one has ν := ~ω/mc2 ' 10−6 and eζ ' 2γ.
Thus, ω0τ0 ' αγν ' 10−8γ, which implies that classical
radiation reaction will be substantial for electron ener-
gies of 102 TeV which is in the far quantum regime. So,
unless we find a way of classically boosting the radia-
tion reaction its observation will not become feasible. A
possible means towards this end is nonlinearity [14, 15].
3 Nonlinear Effects
Laser intensity is measured in terms of the r.m.s. energy
gained by an electron traversing a laser wave length, in
units of the electron rest energy. This leads to the di-
mensionless laser amplitude
a0 =
eErmsλ
mc2
=
eErms
mcω
, (22)
which may be expressed covariantly using the energy
density of (10) such that [16]
a20 =
e2〈uµTµνuν〉rms
m2c2(k · u)2 . (23)
When the laser beam is focussed down to the diffraction
limit this may be turned into a rule-of-thumb estimate
of a0 in terms of laser power PL measured in petawatts
(PW), namely
a20 ' 5× 103 PL/PW . (24)
For powers of 10 PW to be expected in the near future
this implies a0 values of a few hundred. For the sake of
simplicity, however, we will restrict our interest to the
nonlinear corrections of leading order in a0.
It is known that an electron in a circularly polarised
plane wave moves along a circle (in the average rest
frame where there is no longitudinal drift, see [8], Ch. 48,
Problem 3). The radiation spectrum for such a charge
motion has been first calculated by Schott [17] [formula
(128), Sect. VII.84; see also [1], Ch. 38] and consists
of an infinite sum of higher harmonic contributions la-
belled by an integer n. Turning the nth harmonic in-
tensity scattered per solid angle into a differential cross
section yields [18]
dσn
d cos θ
=
4pinr2e
a20
(
cot2 θ J2n(na0 sin θ) + a
2
0J
′2
n (na0 sin θ)
)
(25)
where n is the harmonic number and θ the scattering
angle. To find the leading correction to linear Thom-
son scattering (n = 1, a0 = 0) we expand the Bessel
functions for a0  1 using the first terms in their power
series,
Jn(z) = (z/2)
n
{
1
n!
− z
2/4
(n+ 1)!
+O(z4)
}
. (26)
Plugging this into (25) for n = 1 results in the differen-
tial cross section
dσ1
d cos θ
= r2epi
(
1 + cos2 θ − 14a20 sin2 θ (3 + cos2 θ)
)
,
(27)
which nicely exhibits the correction to the Thomson
cross section (8) of order a20. Integrating over the angle
θ we find the total cross section (for the fundamental
harmonic, n = 1),
σ1 = σTh
(
1− 25a20
)
. (28)
As J2n(na0 sin θ) ∼ a2n0 there is another a20 correction
coming from the second harmonic. Expanding for n = 2
one obtains
dσ2
d cos θ
= 2 r2epi a
2
0 sin
2 θ
(
1 + cos2 θ
)
. (29)
Interestingly, this has the same overall sin2 θ angular de-
pendence as the a20 correction in the fundamental cross
section (27), and hence the two will be difficult to dis-
tinguish experimentally. This statement holds for circu-
lar polarisation, but for linear polarisation the situation
is different and higher harmonics have been unambigu-
ously identified from their angular radiation patterns
[19].
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Fig. 1: dσTh/dθ (upper curve), dσ1/dθ (middle curve)
and dσ2/dθ (lower curve), in units of r
2
epi, for a0 = 0.5,
cf. (8), (27) and (29).
The angular dependence on θ of both cross sections,
(27) and (29) are compared with the Thomson one (8)
in Fig. 1. Note that only the Thomson term (a0 = 0)
contributes in forward and backward direction (θ = 0
and θ = pi, respectively) as the a20 corrections are sup-
pressed there by the sin2 θ factor.
Integrating (29) over θ results in a contribution of
different sign
σ2 =
6
5 a
2
0 σTh . (30)
As a consequence, upon adding (28) and (30), the com-
plete order a20 correction in the total cross section, i.e.
in the sum
σ = σ1 + σ2 = σTh
(
1 + 45a
2
0
)
, (31)
becomes positive.
4 Quantum Effects
The quantum version of Thomson scattering is of course
Compton scattering. Quantum corrections become im-
portant when the energy of the radiation becomes com-
parable to the electron rest mass. In this case, there
will be substantial transfer of four-momentum and the
whole scattering process is most naturally described us-
ing the photon picture, that is, by considering the pro-
cess e(p) + γ(k) → e′(p′) + γ′(k′). Energy momentum
conservation then reads k + p = k′ + p′ and, in the
technically simplest case with the electron initially at
rest, implies the Compton formula for the scattered fre-
quency,
ω
ω′
= 1 + ν0(1− cos θ) , (32)
with the invariant ν0 defined in (20). In the classical
limit, ν0 → 0, the energy transfer (recoil) vanishes and
ω = ω′. The differential cross section has first been
obtained by Klein and Nishina [20] and reads [21]
dσKN
dΩ
= 12r
2
e
(
ω′
ω
)2(
ω
ω′
+
ω′
ω
− sin2 θ
)
. (33)
The classical Thomson limit (8) is readily obtained by
setting ω = ω′. Integrating (33) over angles and expand-
ing for ν0  1 we obtain the leading quantum correction
to the Thomson cross section (4),
σKN ' σTh(1− 2ν0) . (34)
5 Synthesis
Ideally, one would like to have a general theory that in-
corporates all corrections. In principle, such a theory
exists (at least to some extent), namely quantum elec-
trodynamics (QED) coupled to a strong external plane
wave field, a particular incarnation of strong-field QED.
It was originally developed in a series of papers, the
most relevant ones being [22, 23, 24, 25]. The main
challenge for the present discussion is to go beyond the
plane wave model and describe the external laser field,
say by a Gaussian beam. In this case one loses the exact
solution of the Dirac equation due to Volkov [26], and
basically no progress has been made along this route. So
one will have to make do with plane wave backgrounds
for the time being.
Nevertheless, important achievements have been re-
ported. For the case of circular polarisation, the most
comprehensive collection of results can be found in [27]
(see also Ch. 101 of [21]), in particular the strong field
QED generalisation of the classical result (28) which
usually is referred to as ‘nonlinear Compton scattering’
(NLC). We will not repeat the lengthy formulae here,
but only present our result for the expansion of the fun-
damental cross section σ1 which reads,
σNLC,1 = σTh
(
1− 2ν0 − 25a20 + 145 ν0a20 + . . .
)
. (35)
Comparing with (28) we find the same nonlinear cor-
rection of order a20 plus the quantum correction −2ν0
from (34). This provides a useful consistency check. We
also note that higher order corrections mix nonlinear
and quantum contributions such as the last term of or-
der ν0a
2
0 in (35). In this rather literal sense, the NLC
result (35) may be viewed as a unification of quantum
and nonlinear corrections to Thomson scattering. What
seems to be missing in this unification are the radiation
reaction contributions. To incorporate these, one must
understand how the classical RR corrections (16) and
(17) arise, and then how they can be derived from QED.
The classical result (16) comes from inserting the or-
bit of a radiating electron into (9) and (10) to calculate
the emitted power. That orbit is calculated, classically,
by eliminating the gauge field. The analogous quan-
tum calculation would involve summing over all possi-
ble numbers of outgoing photons [28, 29, 30]. The NLC
cross section (35) contains all quantum and intensity-
dependent corrections to Thomson scattering, but only
in the process of one-photon emission (from the colli-
sion of an electron and a laser). To obtain the full result
(16) one would need to calculate an appropriate quantity
in QED to all orders, which is challenging. Low order
corrections are more readily calculated; radiation reac-
tion appears in the scattered electron momentum follow-
ing single photon emission, and in the radiated photon
momentum at higher orders, following e.g. two-photon
emission [31, 32]. The lowest order term of Dirac’s re-
sult should therefore come from the two-photon emission
diagram.
All this suggests that the full theory should contain
mixed terms of the form (αν0a0)
2n implying the possi-
bility of a regime (a0  1) where quantum effects are
still moderate but radiation reaction gets boosted due
to large nonlinearities.
References
[1] J. Schwinger, L.L. DeRaad, Jr., K.A. Milton and
W.-y. Tsai, Classical Electrodynamics, Westview
Press, Boulder (CO), 1998.
[2] J.J. Thomson, Phil. Mag., Ser. 6, 6, 673 (1903).
[3] F. Rohrlich, Classical Charged Particles, 3rd ed.,
World Scientific, Singapore, 2007.
[4] H.A. Lorentz, The Theory of Electrons, B.G. Teub-
ner, Leipzig, 1906; reprinted by Dover Publications,
New York, 1952 and Cosimo, New York, 2007.
[5] M. Abraham, Theorie der Elektrizita¨t, Teubner,
Leipzig, 1905.
[6] P.A.M. Dirac, Proc. Roy. Soc. A 167, 148-169
(1938).
[7] S. Coleman, in: Electromagnetism: Paths to Re-
search, Vol. I, Ch. 6, ed. D. Teplitz, Plenum, New
York, 1982.
[8] L. D. Landau and E. M. Lifshitz, The Classical
Theory of Fields (Course of Theoretical Physics,
Vol. 2), Butterworth-Heinemann, Oxford, 1987.
[9] H. Spohn, Europhys. Lett. 49, 287 (2000)
[10] S. E. Gralla, A. I. Harte and R. M. Wald, Phys.
Rev. D 80, 024031 (2009)
[11] A. Di Piazza, Lett. Math. Phys. 83, 305 (2008).
[12] C. Harvey, T. Heinzl and M. Marklund, Phys. Rev.
D 84, 116005 (2011)
[13] C. Harvey, T. Heinzl, N. Iji and K. Langfeld, Phys.
Rev. D 83, 076013 (2011)
[14] J. Koga, T. Esirkepov and S.V. Bulanov, Phys.
Plasma 12, 093106 (2005).
[15] A. Di Piazza, K. Z. Hatsagortsyan and C. H. Kei-
tel, Phys. Rev. Lett. 102, 254802 (2009)
[arXiv:0810.1703 [physics.class-ph]].
[16] T. Heinzl and A. Ilderton, Opt. Commun. 282,
1879 (2009)
[17] G.A. Schott, Electromagnetic Radiation, Cam-
bridge University Press, 1912.
[18] K.T. McDonald, Proposal for experimental studies
of nonlinear quantum electrodynamics, Princeton
preprint DOE-ER-3072-38 (unpublished).
[19] S.-y. Chen, A. Maksimchuk and D. Umstadter, Na-
ture 396, 653 (1998).
[20] O. Klein and Y. Nishina, Z. Phys. 52, 853 (1929).
[21] V. Berestetskii, E. Lifshitz and L Pitaevskii, Quan-
tum Electrodynamics, Butterworth-Heinemann,
Oxford, 1982.
[22] J.S. Toll, The Dispersion Relation for Light and its
Application to Problems Involving Electron Pairs,
PhD thesis, Princeton, 1952 (unpublished).
[23] H. Reiss, J. Math. Phys. 3 (1962) 59.
[24] A. I. Nikishov and V. I. Ritus, Zh. Eksp. Teor.
Fiz. 46 , 776 (1963); Zh. Eksp. Teor. Fiz. 46, 1768
(1964).
[25] L. S. Brown and T. W. B. Kibble, Phys. Rev. 133,
A705 (1964).
[26] D.M. Volkov, Z. Phys. 94, 250 (1935).
[27] N. B. Narozhnyi and A.I. Nikishov and V.I. Ritus,
Zh. Eksp. Teor. Fiz. 47, 930 (1964).
[28] A. Di Piazza, K. Z. Hatsagortsyan and C. H. Kei-
tel, Phys. Rev. Lett. 105, 220403 (2010)
[arXiv:1007.4914 [hep-ph]].
[29] A. Di Piazza, C. Mu¨ller, K. Z. Hatsagortsyan and
C. H. Keitel, Rev. Mod. Phys. 84, 1177 (2012)
[arXiv:1111.3886 [hep-ph]].
[30] A. Di Piazza, arXiv:1303.5353 [hep-ph].
[31] A. Ilderton and G. Torgrimsson, arXiv:1301.6499
[hep-th].
[32] A. Ilderton and G. Torgrimsson, arXiv:1304.6842
[hep-th]. To appear in PRD.
